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Abstract 



We prove the sub-Riemannian analog of the area formula for Lip- 
schitz (in sub-Riemannian sense) mappings of equiregular Carnot- 
Caratheodory spaces. 
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1 Introduction 

In Euclidean analysis, the well-known area formula [1] 

J Jiif,x)dn''{x) = J Xuix)dn^iy) 



u 



a;G</p~i(2/) 



is proved for large classes of mappings ip : U ^ M.'', U cM"', n > k, possess- 
ing some regularity properties. Such classes include continuously differen- 
tiable mappings, Lipschitz mappings; Sobolev mappings and approximately 
differentiable mappings with Luzin property A/" (see e. g. [2j), etc. This for- 
mula is generalized to wide classes of mappings of Riemannian manifolds 
and metric spaces [H [3l HJ O [H [7] . In many proofs of the area formula, the 
approximation of the initial mapping (p by the tangent one 

w H- Dip{x)[w] 

is essentially used. In particular, the bi-Lipschitz equivalence of the metrics 
in the manifold and in the tangent space is applicable in such proofs. 
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On equiregular Carnot-Caratheodory spaces (or simply Carnot mani- 
folds) (see Definition 12.11 below), there are two structures, namely, Rieman- 
nian and suh-Riemannian. Moreover, metrics corresponding to these two 
structures, are not bi-Lipschitz equivalent. Thus, mappings Lipschitz with 
respect to sub-Riemannian metrics may not be Lipschitz with respect to Rie- 
mannian metrics, consequently they may not be differentiable in the classical 
sense on a set of non-zero exterior measure. For the mappings of Carnot man- 
ifolds, there exists the specific notion of the suh-Riemannian differentiability, 
or /ic-differentiability [8j of mappings of Carnot manifolds. 

Definition 1.1. A mapping ip : U — )■ M, [/ C M, where M and M are Carnot 
manifolds, is /ic-differentiable at a point m G t/ if there exists a horizontal 
homomorphism L„ : (^"M, c?"^) — > (^'^'^"^M, rfci"'') of local Carnot groups. 



In particular cases when both Carnot manifolds are just Carnot groups, 
the notion of the /ic-differential coincides with the one of the P-differential 
introduced by P. Pansu This definition generalizes the classical definition 
of differentiability since a local Carnot group approximates the initial Carnot 
manifold with respect to a sub-Riemannian metric (just like a tangent space 
approximates a Riemannian manifold with respect to Riemannian metric). 
One of results of the paper [8] is the following: 

Theorem 1.2. Lipschitz (in the suh-Riemannian sense) mappings of Carnot 
manifolds are he- differentiable almost everywhere. 

Theorem 1.3 ([8]). Let ip : M. ^ Wl be a contact C^-mapping of Carnot 
manifolds {in the Riemannian sense). Then, it is continuously he- differentiable 
everywhere on M (z. e., its he- differential Dip{u) is continuous on u G M). 

Nevertheless, up to now, the problem on the area formula for Lipschitz 
mappings of Carnot manifolds has been solved only for some particular cases, 
i. e., for mappings of Carnot groups (a particular case of a Carnot mani- 
fold) [ini [H] and for classes of C^-smooth (in the classical sense) contact 
mappings of Carnot manifolds [12]. In the author uses the approxi- 
mation (with respect to sub-Riemannian metric) of the initial mapping by 
the "tangent" one defined via "P-differential. The main result of [10] is the 
following 



such that 



rfcc(v^(w), Ljw]) = o{dcc{u, w)) as f/ n ^"M 3 w u. 
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Theorem 1.4 (see [TUj Definition 2.20 and Theorem 3.3].). Suppose that 
if : G ^ G is a Lipschitz (with respect to suh-Riemannian metrics) map 
of two Carnot groups. Then, for any Ti'^ -measurable set E G G (here v is 
Hausdorff dimension of G ), we have 



jj{x)dW{x) = j XE{y)dW{y), 
where Jacobian J{x) equals 



where Hausdorff measures are constructed with respect to dec- 

In [llj, the main idea is to use the local 'H^'-measure distortion under (p 
Jacobian: 

Theorem 1.5 (see [HI Definition 10 and Theorem 4.4].). Suppose that (p : 
G — > G a Lipschitz ( with respect to sub-Riemannian metrics ) map of two 
Carnot groups. Then, for any H'^ -measurable set E G G (here v is Hausdorff 
dimension ofG), we have 



j MD^{x))d'H''{x) = j Yl XE{y)dH^{y), 

E g x:x^^-^{y) 

where Jacobian Ji,(Dip{x)) equals 

where Hausdorff measures are constructed with respect to dec. 

Finally, in [12], the sub-Riemannian area formula is derived via the Rie- 
mannian one. The result is 

Theorem 1.6 (The Area Formula for Smooth Mappings [12] )• Let : M — )■ 

Ml be a contact -mapping. Then the area formula 

J /(x) J^^(v9, x) dW{x) = j J2 /(^) ^^'(^)' 

M « a;:xe^-i(s/)nC/ 
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where / : M — > E {here E is an arbitrary Banach space) is such that the 
function f{x)J''^^{ip,x) is integrable, and 



J'\v,x) 



det{Dip{x)* Dip{x)) 



(1.3) 



is the suh-Riemannian Jacobian of ip atx, is valid. Here the Hausdorff mea- 
sures are constructed with respect to metrics ^2 and d2 with the multiple uoy. 

Note that the definition (11.31) of the sub-Riemannian Jacobian (that is, 
its analytic expression via the values of the /ic-differential) is new even for 
mappings of Carnot groups. 

On the one hand, in view of non-differentiability of Lipschitz in the sub- 
Riemannian sense mappings, it is impossible to derive the sub-Riemannian 
area formula for arbitrary Lipschitz mappings of Carnot manifolds via the 
Riemannian one^ On the other hand, the /ic-differential Dip of a map- 
ping : M — )■ M at arbitrary point u acts on local Carnot groups ^"M 
and ^'^'^'^^M, in which the sub-Riemannian metrics are not equivalent to 
the ones in a Carnot manifold [15j, thus the relation (iM(v^(u^), V'(f )) = 
(1 + o{l))dgv(u)(D(p{u)[v],Dip{u)[w]), where o(l) — )■ as — )■ m, near 
the point u cannot be obtained. 

In this paper, we give a new approach to investigation of Lipschitz map- 
pings of Carnot manifolds based on its /ic-differentiability only, and its "par- 
tial" approximation by a "tangent" mapping. Such approach is new even 
for mappings of Euclidean spaces. We prove the area formula for Lipschitz 
mappings of Carnot manifolds (see also Theorem 13. 121 below) : 

Theorem 1.7. Suppose that D G Wl is a measurable set, and the mapping 
i£: D ^ M is Lipschitz with respect to sub-Riemannian quasimetrics d2 and 
62- Then the area formula 



where f : D ^ K {here E is an arbitrary Banach space) is such that the 
function f{x)J^^{ip,x) is integrable, and the sub-Riemannian Jacobian is 
the same as in (11.31) . is valid. Here the Hausdorff measures are constructed 
with respect to metrics d2 and d2 with the multiple u^- 

Remark 1.8. Note that (see, e. g., ^U\) that the definitions and (IT^ 
are equivalent. Next, it is easy to see that Theorems 11.41 and 11.51 are par- 
ticular cases of Theorem 11.71 Indeed, in view of Ball-Box Theorem [13] , 
[Hj, Hausdorff measures constructed with respect to Carnot-Caratheeodory 




(1.4) 



D 



4 



metric dec (see Definition I2.6p and with respect to the quasimetric d2 (see 
Definition 12 .yp . are absolutely continuous one with respect to another. Since 
on a Carnot group these measures are left-invariant, then the derivative of 
one with respect to another is constant. Denote it by P2,cc in the preimage 
and by I^2,cc in the image. In view of the validity of f ll.4p for the mapping 
^lj{y) = Dip{x)[y] : 5,,(0, 1) ^ G we infer 

^5i?v , ^ _ n'^iD^{y)[BUOA)]) 

^ ^ H^(i?cc(0,l)) ' 

where Hausdorff measures are constructed with respect to ^2. Thus, on the 
one hand. 



D D 



VoccdUUx) 



D 



D D 



where Hausdorff measures T^J^^ are constructed with respect to exec's. On the 
other hand, 

j Yl XD{y)dn'{y)= J Y XD{y)V2,ccdn:M 



'^2,cc j Y XD{y)dn:M- 



Since the value I'2,cc is strictly positive. Theorems 11.51 and 11.41 follow from 
Theorem 11.71 

Emphasize here that although its proof uses in one of its steps the sub- 
Riemannian area formula for C^-smooth (in the classical sense) mappings, 
this area formula is not its direct consequence, and its proof requires ap- 
proaches and methods that are essentially new in comparison with the clas- 
sical situation of obtaining a result for Lipschitz mappings via the same 
results for C^-mappings. 

Theorem 11.61 and the classical area formula for mappings of Rieman- 
nian manifolds are particular cases of Theorem 11.71 Moreover, Theorems 11.41 
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and 11.51 can also be considered as consequences of Theorem ll.7[ The dif- 
ference is in definition of Jacobians: in [TU], [H], the definition of Jacobian 
uses measure of balls in Carnot-Carathyeodory metrics and of their images 
under tp and Dip. The problem is that the measures of these images cannot 
be calculated since the structure of Carnot-Caratheodory balls is unknown 
in general case. In Theorems 11.61 and II. 7[ a sub-Riemannian quasimetric is 
used. Its advantage is that the structure of balls in this quasimetric is well- 
understandable, and they are easy to work with during the investigation on 
Jacobian and image properties. Moreover, it allows to write the exact ana- 
lytic expression of the Jacobian. It is very important for application such as 
studying extremal surfaces on non-holonomic structures and many others. 

2 Preliminaries 

In this section, we introduce necessary definitions and mention important 
facts that we will need to prove the main result. 

Definition 2.1 (compare with [I6l[l7]). Fix a connected Riemannian C°°- 
manifold M of a topological dimension N . The manifold M is called a 
Carnot-Caratheodory space if, in the tangent bundle TM, there exists a 
filtration 

HM = HiM C...C HiM C . . . C HmM = TM 

of subbundles of the tangent bundle TM such that, for each point p G M, 
there exists a neighborhood U G M. with a collection of C^-smooth vector 
fields Xi, . . . , Xfyf on it enjoying the following two properties. For each v ^ U 
we have 

(1) HiM.{v) = Hiiy) = span{Xi(t;), . . . , XdimHi{v)} is a subspace of TyM 
of a constant dimension dim if j, i = 1, . . . , M; 
(2) 

[X,,X,]{v)= Yl c,,,{v)X,{v) (2.1) 

deg Xfe <deg Xi +deg Xj 

where the degree degX^ equals min{m | X^ G H„i}', 

If, additionally, the third condition holds then the Carnot-Caratheodory 
space will be called the Carnot manifold: 

(3) a quotient mapping [ -, ■ ]o : i^i x Hj/Hj_i i— i- Hj^i/ Hj induced by Lie 
brackets is an epimorphism for all 1 < j < M. 

The subbundle HWl is called horizontal. 

The number M is called the depth of the manifold M. 
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Definition 2.2. Consider Cauchy problem 

N 
i=l 

.7(0) = x, 

where the vector fields Xi, . . . , Xj^ are C^-smooth. Then, for the point y = 
7(1) we write ?/ = expl Vi^i ) (x). 

The mapping (yi, . . . , ?/7v) ^ exp( ^ ?/jXj j [x] is called exponential. 

Definition 2.3. Suppose that m G M and {v\,...,Vfq) G i?£;(0,r), where 
-B_b(0, r) is a Euclidean ball in M^. Define a mapping 6'u(f 1, . . . , Vfq) : Be{0, r) — 
M as follows: 

TV 

6'„(?;i, . . . ,vn) = expi S^ViXi ) (m). 



exp ( ^ j 



It is known, that 6u is a C^-diffeomorphism if < r < for some > 0. 
The collection {vi}fLi is called i/ie normal coordinates or i/ie coordinates of 
the 1** A;mc? (wt/i respect to u E M) of the point v = 6'„(fi, . . . , Wat). 

Assumption 2.4. Hereinafter, we consider points from a compactly embed- 
ded neighborhood U mM such that 6u{Be{0, r„)) D W for all u eU. 

Definition 2.5. An absolutely continuous curve 7 : [0, 1] — ?■ M is called 
horizontal if 7(t) G if^(f)M for almost all i G [0, 1]. 

Definition 2.6. Carnot-Caratheodory distance d^c between x, y G M equals 

dccix,y) = inf /(7), 

7 

where 7 is a horizontal curve with endpoints x and y. 

Now, we introduce the sub-Riemannian quasimetric locally equivalent to 
dec [IB] which simplifies computations in the main theorems. 

Definition 2.7. Let M be a Carnot manifold of the topological dimension 
N and of the depth M, and suppose that x = exp( XiXiUu). The qua- 

H=l ' 

sidistance d2{x,g) is defined as follows: 

dim_ffi 1 dim_ff2 i 

d2(x,n) = max{(^ |a:,p)^( |a:,p) 

j=l j=dim_ffi+l 

1 

: E 

j=dimHM-i+l 
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Remark 2.8. The preimage of a ball Box2(M,r) = {x G Mi : d2{x,u) < r} 
in the quasimetric d2 under the mapping 9u equals Box2(0,r) = i?^^(0,r) x 
5]^2(0, r^) X ... X Bl^'iO, r^^), where Bl% i = 1, . . . , M, are Euclidean balls 
of the dimensions Ui = dimifj — dimifj_i. 

Such quasimetric is much more easier to deal with than the well known 

1 

dao, where dao{x,u) = max '^'^^-^i }. The point is that in the case of d^, 

i=l,...,N 

the asymptotical shape of the section of a ball in d^o by a plane cannot be de- 
fined easily since any cube has several sections of different shapes. Since any 
section of a (Euclidean) ball is just a ball of lower dimension, it is convenient 
to consider sections of their Cartesian product, i. e., a ball in ^2- 

Property 2.9. It is easy to see that [121 EOl EB] the Hausdorff dimension of 

M 

M with respect to d2 is equal to ^ i{dimHi — dim Hi^i) , where dimi/o = 0. 

1=1 

Theorem 2.10 ([ISJ). Fix u e M. The coefficients 



Cijkiu) of if degXj + degXj = degXk 

0, otherwise 



define a graded nilpotent Lie algebra. 

We construct the Lie algebra g" from Theorem 12. 101 as a graded nilpotent 
Lie algebra of vector fields {{X^)'}^^ on such that the exponential map- 

ping {xi, . . . , xn) h-)- exp( ^ Xi{X^y j (0) equals identity [211 [22]- In view of 

H=l ' 



results of [23], the value of (Xj')'(O) is equal to a standard vector Cj^., where 
ij ^ ik ii i 7^ fc, j = 1, . . . , A^. We associate to each vector field from the 
obtained collection such a number i that {6u)*{{X^)'){u) = Xi{u). By the 
construction, the relation 



my,{xjr]= y1 ^^A^)i^k)' (2.2) 



deg Xfc=deg X^+deg Xj 



holds for the vector fields {(-^f )'}i=i everywhere on M . 

Notation 2.11. We use the following standard notations: for each A^-dimen- 



sional multi-index n = (/ii, . . . , /iat), its homogeneous norm equals 

N N 

J2 A^idegXi, and = H ^i' if a; = (xi, . . . ,xn) 

i=l i=l 



h 
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Definition 2.12. The graded nilpotent Carnot group G„M corresponding 
to the Lie algebra g", is called the nilpotent tangent cone of M at m G M. We 
construct GuM in as a groupalgebra [21] , that is, the exponential map is 
identical: 

N 

exp(5^x,(Xr)')(0) = (a:i,...,x^). 

i=l 

By Campbell-Hausdorff formula, the group operation is defined for the basis 
vector fields (Xf )' on M^, i = 1, . . . , iV, to be left-invariant if 

N N 

X = exp (J2 ^^(^D') , 2/ = exp y,(Xr)') 

i=l i=l 

then 

N 

where 

Zi = Xi + yi+ K^iu)x^y^- 

\tJ-+P\h=degXi, 
M,/3>0 

Property 2.13. It is easy to see that Xf{u) = Xi{u), i = 1, . . . , N . 
Definition 2.14. For u,g & M, define the exponential mapping 

Pgixi,...,XN):BEiO,r)^M 

as 0g{xi, . . . , xn) = exp( ^ XjX" 1 (g), which is a C^-diffeomorphism for all 
< r < ru,g for some ru,g > 0. 

Assumption 2.15. We suppose that the neighborhood under consideration 
U is such that U C 6g{BE{0,ru,g)) for all u,g eU. 

Notation 2.16. The quasimetric cig with respect to the vector fields {X^} 
is defined similarly to the initial c?2 (defined with respect to {Xi}). A ball in 
^2 centered at x of a radius r > is denoted by Box2(x, r). 

Notation 2.17. We let the topological dimension of the manifold M (M) be 
equal (A^), and we let the Hausdorff dimension with respect to d2 (^2) be 
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equal v [y). The tangent spaces represented as the direct sums of quotient 
vector spaces 

M 

T,M = ^{E,(y)lE,_^{y)), Ho = {0}, 

M 

and T„M = ^{H,{u)/H,^iiu)), Ho = {0}, 
i=i 

at points f G M and u G M, where Hi C TM and i/i C TM are correspond- 
ing horizontal subbundles, have structures of nilpotent graded Lie algebras 
[20] . Denote the dimensions of Hj/Hj^i (Hj/Hj^i) by symbols rij {nj), 
i = l,...,M(M). 

Notation 2.18. Hereinafter, we denote the quasimetric d2 in the preimage 
by the symbol d2, and we denote the quasimetric d2 in the image by the 
symbol d2. 

Assumption 2.19. We suppose that 

1) a mapping ip is defined on a measurable set D cM; 

2) dim Hi < dim^i; 

3) the basis vector fields in the preimage and in the image are C^'°- 
smooth, a > 0, and ip is Lipschitz with respect to d2 and d2 {d2{ip{u), ip{v)) < 
Ld2{u,v) for all u,v E D and some L < oo). 

3 The Main Result 

Theorem 3.1 ([8J). Suppose that D G M. is a measurable set, and let 
: M — > M 6e a Lipschitz with respect to sub-Riemannian metrics map- 
ping. Then, it is hc-differentiable almost everywhere. Namely, there exists a 
horizontal homomorphism : (^"M, dg) ~^ (^'^'•"^M, dg^"'') of local Carnot 
groups, such that 

d2{ip{w), Lu[w]) = o{d2{u, w)) as Dn G^'M 3 w ^ u. 

Definition 3.2. The horizontal homomorphism L„ : (^"M, c/^) (^^("^M, d^^"^) 
is called the he- differential of ip at u. 

Corollary 3.3 ([8J). Let ip : M ^ M be a contact {i. e., Dip{H) C H) 
-mapping of Carnot manifolds {in the Riemannian sense). Then, it is 
continuously hc-differentiable everywhere on M. 
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Remark 3.4. Using the exponential mapping 6'„, we can consider L„ both 
as a homomorphism of local Carnot groups, and as a homomorphism of Lie 
algebras of these local Carnot groups. 

Theorem 3.5 (Local Approximation Theorem f[E[ [T31 E]). Suppose that 
u,w,v E U, and d2{u, w) = 0{e) and d2{u, v) = 0{e). Then we have 

\d2iw,v)-dl^iw,v)\ = 0ie'+^), 
where 0(1) is uniform on U. 

Remark that although the quasimetric in Theorem 13.51 is different from 
the one in [18], [13] and [H] the statement is the same since the scheme of 
the proof is the same. 

Notation 3.6. Denote the /ic-differential of at m by the symbol Dip{u). 
Put Z = {ueM: rank(_Dy?(M)) < A^}. 

Remark 3.7. Given at least one point u E M possessing the property 
Ta.nkDip{u) = N, the item 2 of Assumption 12.191 implies 

dim Hi — dimifj_i < dim Hi — Hi_i, i = 1, . . . , M, 

where dimi^o = and dimi^o = 0. Indeed, it is enough to take into account 
the property 

Dip{u)[X,Y] = [Dip{u)X,Dip{u)Y], 

where X, Y are vector fields corresponding to the local Carnot group ^"M, 
the properties of the local Carnot group ^2^, and property 4 from Defini- 
tion O 

Definition 3.8. The (spherical) Hausdorff 'H'^-measure of a set C (p{M.) 
is defined as 

?/'^(E) = w.liminfj^rf : |J Box2(xi, r^) D E, Xi e E, < ^j. 

ien ien 

Definition 3.9 (fT^). The sub-Riemannian J acobian equals 

J^^{^,x) = \ldet{D^{x)*D^{x)). 
Theorem 3.10. We have W{if{Z)) = 0, where 

Z = {x eM: TankDif{x) < N}. 
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Proof. The proof is based on a sharp modification of the arguments given 
in [21]. 

Note that d2^^\(p{z), Dip{y)[z]) = o{d2{y, z)). By another words, ify G Z, 
then the image of Box2{y,t) = Box|(?/,t) is a subset of o(t)-neighborhood 
(with respect to rfg''^'') of the image of ^^M fl BoxKy^t) under D(p{y). 

Since at y we have Ta.nkDip{y) < N, then, the Hausdorff dimension (with 
respect to d"^^"^^) of D(f{y)[QyM (1 Box|(?/,t)] does not exceed u — 1. Indeed, 
taking into account the property 3 in Definition 12. ![ we have for any basis vec- 
tor field Xm & Hj, j > 1, that there exist vector fields X G Hj_i and Y & Hi 
suchthatX^ = [X,Y]. Next, [X,Y]{v) = ^ nj(t^) + 

Z, where Z G By the second property, Yl ^gjl"^) = 

Y '^ii.''^)(^kiqip{v)Xp{v) . By the property of vector fields 

l:XkjeHj^i,Yq^eHi p:dcgXp<j 

of the local Carnot group, 

J2 ai{v)[xy^,Yy]{v) = Yl E <v)c,.,Ay)Mv), 

l:Xk^eHj.i,Yqi<^Hi l■.Xk^€Hj.l,Yql<^Hl p:degXp=j 

and, by assumption X^ = [X, Y] we have that the last sum equals X^. In 
view of the property 

D^iy)[X,Y] = [D^iy)X,D^iy)Y], 

where X, Y are vector fields corresponding to the local Carnot group ^^M, 
we infer that the sum of degrees of the images under Dip[y) of the basis vector 
fields cannot be bigger than z/; moreover, it equals u only if rank D(f{y) = N. 
In all the other cases, this sum does not exceed v — 1. 

For < cr < oo, take e > 0, and suppose without loss of generality that Z 
is compact, and that both values o(l) in the definition of /ic-differentiability 
and in Local Approximation Theorem 13.51 do not exceed e. Fix 5 > and 
construct the covering of Z by balls {Box2(?/i, ti)}igN,i/iez, U < 5, from the 
definition of 7{^, such that 

u,Y,^\ <U''{Z) + a. 

Fix i G M and estimate ?{^(v9(Box2(?/i, tj))). The image v9(Box2(?/i, tj)) 
is a subset of a etj-neighborhood of L'(y9(?/j)[Box|'(7/j, tj)] which has sub- 
Riemannian Hausdorff dimension vi not exceeding v — Consider the family 
of balls 
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in ^"^(^'^M with centers on the set D(p{yi)[Box2' {yi, tj)] and of radii 2eti, which 
covers the set ip(Box2{yi,ti)). In view of the degeneracy of Dip{yi), we have 
that the volume of the intersection 

Boxt'''\s,2eti) n Dipiy,)[Boxfiyi,ti)] 

is not less than 0((£:tj)^'), where 0(1) is strictly greater than zero uniformly 
on some compact neighborhood (here we also take into account the left- 
invariance on ^"^(^'^M, and we suppose without loss of generality that Z is 
a subset of such compact neighborhood). By Lipschitzity of ip and degen- 
eracy of D(p{yi), we have that the volume of D(p{yi)[Box2' {yi,ti)] does not 
exceed 0{t\^) (here 0(1) is also uniform on the compact neighborhood un- 
der consideration). Here Vi < v — 1 depends on the degeneracy of Dip at 
yi, namely, it equals sum of degrees of all the basis vector fields in ^"M on 
which Dip{yi) is non-degenerate, and images of which are independent. 

Since in the local Carnot group ^"^(^'^M the quasimetric dg^^''* is locally 
equivalent to Carnot-Caratheodory metric dtc^'\ then we obtain applying 
5r- Covering Lemma that there exist not more than 

Ojt?) _ 1 
0{{eur') 0(£--i) 

of balls {Box2^^''\sj,rj)}j(zf^ covering ip{Box2{yi,ti)), the radii of which vary 
from 2eti to l-2eti, and such that the corresponding balls {Boxg''^''' {sj, 2eti)}j^f^ 
are disjoint. Here the constant / depends on the equivalence coefficients of 
cig*'^''' and dcc^''\ and of 5r-Covering Lemma [1], and 0(1) is strictly greater 
than zero uniformly in z G N. 

In view of Local Approximation Theorem 13.51 for d2 and d'^^^''^ (we may 
assume without loss of generality that on the set ip(Box2{yi,ti)) we have 
M2 — d2^^^ I < sti), the collection of the balls {Box2(,Sj, 2rj)}jgN covers the set 
ip{Box2{yi,ti)). Consequently, 

niMBox2im,m < {Alet.r ■ = 0(e) ■ 

where O(-) is uniform on (p{Z). Thus, 

niMZ)) < ?/I,,,(U¥'(Box2(y„t.))) < 0(5) 5^ tr < Oiem-'iZ) + a). 

Here 0(1) is uniform in all 5 > small enough. If 5 — then we have e — )■ 0, 
and the theorem follows. □ 
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Theorem 3.11 (The Area Formula for Smooth Mappings [12] )• Let : M — t- 

M. be a contact -mapping which is continuously hc-differentiable [i. e., its 
he- differential Dipiu) is continuous on u & M) everywhere. Then the area 
formula 

j f{x)\l det{D^{xYDip{x)) dW{x) = j Yl f i^) dn-" (y) , 
where / : M — t- E {here E is an arbitrary Banach space) is such that the 



function f(x)y det{D(p(x)*D(p{x)) is integrable, is valid. Here the Haus- 

dorff measures are constructed with respect to metrics d2 and d2 with the 
multiple ojy. 

Theorem 3.12. Suppose that D G M. is a measurable set, and the mapping 
^ : Z) — )■ M zs Lipschitz with respect to sub-Riemannian quasimetrics d2 and 
d2. Then the area formula 

j f{x)^J det{Dip*{x)Dip{x)) dW{x) = j Yl fi^)d'H''{y), 



z:xg(/3-i(y) 



where f : D ^ K {here E is an arbitrary Banach space) is such that the 



function f{x)y det{Dip{x)*Dip{x)) is integrable, is valid. Here the Haus- 

dorff measures are constructed with respect to metrics c?2 and d2 with the 
multiple (jjy. 

Proof. 1^"^ Step. Without loss of generality, we may assume that D G U. 
In view of Theorem 13.101 we have 'H'^{(p{Z)) = 0. It is left to prove the area 
formula for the set A = D\Z. We may assume without loss of generality [1] 
that on the measurable set A we have 

Cid2{u,v) < d2{(p{u) , ip{v)) < C2d2{u,v) (3.1) 

for some < Ci, C2 < oo, rank D(p{z) = N for all points of /ic-differentiability 
of the mapping ip, and the set A has the finite measure. For convenience, 
consider the case / = 1. Note that the set function defined on open sets in 
E CM, 



HE) = J dU'{y) 



ip{EnA) 

is absolutely continuous (since is a Lipschitz mapping: indeed, it is easy 
to see that there exists such Q = Q{(p) < 00 that 

W'iipiE n D)) < QWiE n D) 
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for any set E) and additive. Consequently [T], 



A 

Our goal is to show that 

almost everywhere. 

2"° Step. For each e > 0, there exists a set of the 'H'^-measure 
not exceeding e, such that on A \ the mapping ip is continuously hc- 
differentiable, i. e., the /ic-differential D(p{z), z ^ A \ S^, is continuous [H 
Lemma 4.6]. The definition of the /ic-differentiability implies for w,u & A 
(here by our assumption m is a point of /ic-differentiability of ip): 

d2{ip{w),ip{u)) = d2{Dip{u)[w],ip{u)) + o{d2{w,u)), 

where o(l) — )• as w — )■ m. We also may assume without loss of generality 
that o(-) is uniform in u E A \ S^. Since we have the assumption that 
d2{w,u) > ■^d2{p{w),ip{u)), it follows that 

d2{ip{w),ip{u)){l + o{l))=d2{D^{u)[w],ip{u)). (3.2) 

Here o(l) is uniform in u E A \ S^. 

gRD grpgp e > and prove the area formula for A^ = A\T,^. Here- 
inafter in this proof, for the set E G M., E <^ A^, the symbol (p{E) denotes 
(p{Er\As). Fix a > and r > 0, and consider the set A^r'^, 'H'^(Ao-r>') < crr'^, 
such that on A^ \ lS.„^v , measurable functions 



^m(2/) = 




dU\x), 



Box2(j/,l/m)nAE 

m G N, converge uniformly to the unity [1]. 

We may assume without loss of generality that A^^-v c Ao-i-- for r < t. 
Indeed, it is sufficient to construct for each / G N a set A;, "H '^-measure of 

which does not exceed a — (j^iy ^ , and such that functions converge 
uniformly to the unity on A^ \ A;. Next, for r G (1//, l/(/ — 1)], put A^rr-^ = 
[J Ak] it is easy to see that its 'H'^-measure is not more than a/l'^ < ar^. 

k=l 
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Moreover, for r < t we have Acrr-^ C Ag-t'^. We will need this property at the 
end of the proof when r,a not to "loose" points we have considered. 

Take r > small enough, a density point g ^ \ IS.^^^ of the set 
Ag, and an open ball 30x2(5', r). Since 'H'^^A^r-^) < ar^ , it follows that 
WiipiA^r-^)) < Qar^, and 

?^^(^(Box2(^?,r))) < ?^^(^(Box2((7,r) \ A^,,.)) + gcrr^ 

Fix r > and (for fixed a and r) choose such 5 < So{t, a, r), (5o G (0, err), 
that for 1/m < min{5, SCi}, where Ci is taken from fl3.1l) . we have "^miv) > 
1 — r for ?/ G 80x2(5', r) l~l \ Ao-^" (it is possible in view of the uniform 
convergence of "^miy) to the unity on \ Ao-r")- 

For the chosen 6 > 0, construct the covering {Box2(xj, rj)}^^^ of the image 
^9(80x2(5', r) \ Ag-r'O from the definition of Tig. 

The definition of the set A^^-^ implies that for any covering by balls 
{Box2(xj, rj)}jgN of the image v9(Box2(5', r) \ Ao-r") from the definition of Ti'^- 
measure, the centers Xi are images of the points i/i G 80x2(5, ?") H \ Aa-r-^ 
that are density points of the set 80x2(5, r) n A^. 

4™ Step. To each point yi = ip~^{xi), assign the P-differentiable map- 
ping rji of local Carnot groups defined as follows: ^^^M 3 w D(p{yi)[w] G 
gAy')M. Each such mapping belongs to the class (in the classical sense), 
and it is contact (as a mapping of local Carnot groups) since rii{w) = 
Ore- o L o 9~^(w). Here the linear mapping L is defined by the matrix of 

the /ic-differential D(p(yi) in the following sense: first, the mapping 6'"^ "cal- 
culates" the coordinates of w with respect to yi, then the linear mappings 
L matrix of which coincides with the matrix of the /ic-differential Dip in the 
bases {Xj'}jLi and {X^^}^^^ acts on the obtained point of M^, and finally, 
the mapping 6^. assigns a point on M to this image point from M^. Recall 
that in view of the property 

Dipiyi)[X,Y] = [Dipiy.i)X,Dipiy,)Y], 

where X, Y are vector fields corresponding to the local Carnot group Q^^Wl in 
the definition of the /ic-differential D(p^ its matrix has block-diagonal struc- 
ture in the bases {Xj'}jL^ and {X^'}^^^. Besides of this, rji is continuously 

P-differentiable (see Corollary 13.31 |9]), and Drii{v) = D(p{yi) for all v close 
enough to yi. Indeed, d2'{rii{w), Dip{yi)[w]) = = o{df {v , w)) . 
Next, in the definition of the value 

?/,^(¥.(Box2(5,r)\A^,.)), 
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to each ball Box2(xj,rj), there corresponds the summand Uyr'j^. Fix i G N. 
In view of the area formula for Carnot groups [12j (see Theorem 13. lip , for 
each mapping T^j, i G N, we have 

where the symbol 'H'^ denotes 'H'^-measure in the local Carnot group Q^^Wl 
with respect to d^'. 

Now, consider the sets r]^^ (B0X2 {xi,ri)) and ip^^ (Box2{x i,ri)) CiA^. Note 
that, under the mapping rji, the preimage of an open set Box2(xj,rj) is 
also open, moreover, it has a boundary consisting of the finite number of 
surfaces of the class C^. In view of (13. 2p (for u = yi), all points of the 
set (y9~^(Box2(xj, Tj)) fl are contained in an o(rj)-neighborhood of the set 
r]-^{Box2{xi,ri)). 

Indeed, it follows from the fact that if w E Lp^^ (Box2{xi, Vi)) fl then 

d2i^p{w),Xi) = (1 + o{l))d2ir]i{w), Xi), (3.3) 

and consequently rii{w) G Box2(a;i, rj(l + o(l))). Here o(l) is uniform in all 
z G N due to the choice of A^. 

Besides of this, according to (13. 2p (for -u = ?/«), all the points of the set A^, 
lying inside ?7j~^(Box2(xj, rj)) and such that the distance to d[T]~^(Box2{xi, rj))] 
is more than o(rj), belong to the set ip~^(Box2{xi,ri)) fl A^. Indeed, if 

w G ?7j"^(Box2(xi,rj(l - 0(1)))) then d2{(p{w), Xi) < r 

for suitable values of o(l) (see (13. 3p ). Here o(l) is uniform in all i G N. 
Since y^ G Box2{g, r) fl \ A^r-^, we have 

?/'^(77ri(Box2(x„r,)))(l + o(l)) 

> n''iip-\Box2{x,,n)) n A,) > n'ir]-'[Box2{xi,riil - o(l)))] n A,) 
> (1 - o(l))H''(r/ri(Box2(x„ r,))) - r(l + o(l))H'^(Box2(a;„ n/C,)), (3.4) 

where o(l) — as rj — > uniformly in all Xi, z G N, by the choice of 5 > 0. 

5™ Step. Theorem I3.11[ the equalities Drji = Dip{yi), i G N, and the 
continuity of the /ic-differential D(p imply 

J2 = J2 \/det{D^*{yi)D^{y,)) ■ 7?'\r]r \Box2{x,, r,))) 

iGN iGN 

= (^det(5v.*((7)5v9(^7))(l + o(l))) •$^H^-''(r7,-'(Box2(x„r,))), (3.5) 

iGN 
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where o(l) — ?■ as r — )■ 0. Thus, the sum ^ ^u'^'i is close to the minimal 

iefi 

yi 

value if and only if the sum ivi (Box2(xi, rj))) is also close to its 

' — ~- Vi 

minimal value. Since on M we have W = W (1 + o(l)) where o(l) ^ 
as the points of a measured set converge to yi (it is enough to consider 
their expressions via Riemannian measures), z G N, we may consider the 
sum ^ 7{^(?7j~^(Box2(xi, Tj))) instead of ^ "H^ '(r7~^(Box2(a;j, rj))). Now, we 

calculate this value. Since the "balls" 

{77^^(60x2(0;, t)) : a; = (/?(?/), y G 30x2(5-, r) n \ A^^,., 

r/(w) = D^{y)\w\ t G (0, min{(5, r7-i(Box2(x, t)) C 60x2(5, r)} 

have the doubling condition (with respect to the measure in view of the 
relation "H^ = "H^ (1 + o(l)), see above), then Vitali Covering Theorem 
implies the existence of the collection {77j~^(Box2(xj, rj))}jgN, covering the set 
30x2(5, r)ny4e\Ao-r^ up to a set of 'H^'-measure zero. For this (remaining) set, 
there exists an at most countable covering by "balls" {?7~^(Box2(xj, tj))}jgN, 
with the sum of their 'H^'-measures less than ar^ . 

Relation (13. 2p implies that [J Box2(a;j, fi)U |J Box2(a;j, t,) D ^9(60x2(5, r)\ 

iGN jGN 

Ao-r-"), where = rj(l + o(l)) and tj = tj{l + o(l)), and o(l) are uniform in 
all Moreover, the sum 5* of H'^-measures of the preimages of these balls 
under the corresponding mappings rji can be estimated as 

[^^^(30x2(5, r)) + crr'']{l + o(l)) >S> ^^^(60x2(5, r)nA,\ A.,.), 

where o(l) — )■ as r^, tj — )■ 0, i,j G N. In view of (13. 4p . we have 

^ • (1 + 0(1)) > J2 ^"(^"'(Box2(x„ r,)) n A,) 

iGN 

+ Y,'H--i^-\Box,{x„t,)) n A,) > (l-o(l)-0(r))5, (3.6) 

jGN 

where o(l) — ?■ as 5 — )■ 0, and 0(1) is bounded uniformly on A^. 

Note that, the sum ^ 'H''{(p'^^{Box2{xk,rk)) fl A^) cannot be less than 

keN 

'H'' (60x2(5, r) n \ Ag-^i') in case of any covering of ^9(60x2 (5, r) \ Ag-r") by 
any collection {30x2(2;^, rfc)}fcgN. Consequently, we have for the value (see 
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m) 

n''{Box2ig,r)nA,\A, 
1 + 0(1) 



< S 



1 - 0(1) - 0[t) 

where the values 0(1) are bounded uniformly in all small 5 > and small 
r > 0, and o(l)— )-0as5— J-O, is indeed close to the minimal one. 

Since we have r — and o(l) — ?■ while 5—7-0, and while r — )■ we can 
take a = a{r) — t- 0, then, taking into account the fact that g is the density 
point of the set A^, and 1-V {/S.crr'') = o{r'^), where o(l) — )■ as r — 0, we 
deduce from (I3.5p that 

„,„ «-(.(Box.(,. r) n A )) ^ ^ ^ = 1. 

n''{(p{Box2{g, r)nAe\ Aar-)) r^o u^r" 

Consequently, (13.41) implies 

* 0? = 1™^^^^^ ^ = Jdet{Dip*{g)Dip{g)). 

Since the latter is valid for almost all 5^ e it implies the area formula 
for the set A^. We use standard argument to derive the area formula for the 
set A. The theorem follows. 

Remark 3.13. All results of this paper are also true for mappings of Carnot 
manifolds enjoying conditions from [181 Remark 2.2.19] with basis vector 
fields on M belonging to C^'", a > 0, and basis vector fields on M belonging 
to 5 > 0. 
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